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Abstract
We outline a phenomenological model to assess friction at the interface between two bodies in mutual
contact. Although the approach is general, the application inspiring the approach is the Discrete Element
Method. The kinematics of the friction process is expressed in terms of the relative 3D motion of the
contact point on the two surfaces in mutual contact. The model produces expressions for three friction
loads: slide force, roll torque, and spin torque. The cornerstone of the methodology is the process of
tracking the evolution/path of the contact point on the surface of the two bodies in mutual contact. The
salient attribute of the model lies with its ability to simultaneously compute, in a 3D setup, the slide,
roll, and spin friction loads for smooth bodies of arbitrary geometry while accounting for both static and
kinematic friction coefficients.
Keywords slide friction, roll friction, spin friction, contact history
1 Introduction
This contribution proposes a phenomenological model to compute friction loads acting between two bodies
that experience both stick and slip as part of their anticipated mode of operation. In motivating this effort,
we look beyond systems engineered to operate in stick mode only. For a recent overview that focuses on
stick-only regimes, see [1]. Therein, the interest is in preventing slip, which is regarded as a sign of design
failure.
Herein, the interest is in applications for which the relative motion between two bodies is not a sign of
failure, but a normal part of the system’s dynamics. As such, one needs to be able to assess the friction loads
at zero relative velocity (stick mode) as well as when there is relative motion between the bodies (slip mode).
Generally, at a mutual contact point between two bodies neither the normal force N nor the tangential,
friction force Ff are known and they have to be computed as part of the numerical solution. The focus
of this contribution is on computing Ff as well as its direction in the tangent plane under a dry friction
assumption. Herein, N is considered known.
Several aspects make the task of producing a friction model challenging: (i) handling 3D geometries is
difficult, particularly so if the shapes are non-trivial. In many cases, e.g. [2, 3, 4], the discussion is carried out
in the context of 2D geometries, which eschews kinematic challenges associated with 3D friction, particularly
handling changes in orientation for the bodies in contact; (ii) it is difficult to handle the set-valued function
nature of the friction loads. In the presence of macro-scale sliding between the bodies, the friction force is
expected to assume the value µkN . However, in stick mode, the friction force can assume any value between
0 and µsN . The fact that there are two friction coefficients µs and µk; i.e., static and kinetic, is often
times ignored in practice; and, (iii) in 3D dynamics, spin-friction and roll-friction are often disregarded.
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They typically account for less energy dissipation than normally associated with slide-friction. Yet there
are scenarios; i.e., spin tops, tippie tops, bowling balls, etc., when roll-friction and/or spin-friction play an
important roll in the overall dynamics.
This contribution seeks to establish a phenomenological friction model that addresses (i) through (iii).
To that end, section 2 introduces notions of contact kinematics, subsequently used in section 3, where
models for slide, roll, and spin friction are outlined. Numerical experiments are discussed in section 4.
The contribution concludes by highlighting key model features and outlining directions of future work. To
maintain a flow in the presentation, several pieces of information were moved to the Appendix section.
Thus, the review of literature in done in Appendix A, once this model and the required notation have been
introduced. Appendices B through D contain technical details related to the model discussed and numerical
experiments.
2 Preamble: Kinematics Aspects
2.1 The Kinematics of the Contact Point
Let bi and bj be two bodies in mutual contact. Although not called for by the model presented here, to
remove any notational ambiguity, we assume that bi and bj have only one contact point in common and that
the bodies are different (i < j). At time t0 let C0i be the contact point on the surface of bi (imagine a cross
painted on body bi’s surface) and C
0
j be the contact point on the surface of bj (imagine a dot painted on
body bj ’s surface). At time t0 the cross and the dot coincide; the focus in this section is on how the cross
and dot change their locations on the surface of the two bodies in mutual contact as time advances from t0
to t1. At time t1, the new contact point between the two bodies is registered as C
1
i (the new cross) and C
1
j
(the new dot), on bodies bi and bj , respectively.
In what follows, the times t0 and t1 are assumed close to each other and separated by a small simulation
step size ∆t as in t1 = t0 + ∆t. Typically, ∆t =10−6–10−3s. As far as body i is concerned, during time
integration from t0 to t1, we only register the locations C
0
i and C
1
i . Thus, in scenarios in which C
0
i ≠ C1i ,
there is no information regarding the trajectory followed by the contact point on the surface of bi while
moving between C0i and C
1
i . When C
0
i ≠ C1i , we assume that the contact point moves on the surface of bi
along the geodesic, although this will be subsequently relaxed. Tracing this contact point on the surface
describes a directed arc, from C0i to C
1
i , which is called si, see Fig. 1. Analogously, there is an arc sj defined
by the trajectory of the contact point when moving on the surface of bj while the time passes from t0 to t1.
(a)
‘
(b)
Figure 1: Several kinematic quantities that come into play when the contact point moves on the surfaces of bi and bj
as the time advances from t0 to t1. The length of the arcs si and sj exaggerated; in simulation C
0
j and C
1
j are close
to each other.
During one time step ∆t, given its short duration, the motion of the contact point on bi and bj allows for
the introduction of three kinematic quantities. First, there is relative spin, in which body bj has a spinning
motion relative to bi around the instantaneous contact normal n. Second, there is relative roll experienced
by the two bodies. In pure rolling, one point on bi touches exactly one point on bj , and vice-versa. In other
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words, the length of si is identical to that of sj . During one time step, this rolling motion is associated with
a curvature κi and κj , for bi and bj , respectively. Finally, if there is a difference between the lengths of si
and sj , this value is taken to be the relative slip:
s = ∣∥si∥ − ∥sj∥∣ .
2.2 Contact Frame Related Issues
All reference frames considered in this discussion obey the right hand-rule. The normal n of the contact
reference frame is determined under the assumption that one can construct a tangent plane at the contact
point, which is the case for any smooth surface [5]. Then, the unit vector n is chosen to be perpendicular
to the tangent plane at the contact point. Its direction is chosen to point towards the interior of bi, see
Fig. 1. Producing the u and w unit vectors relies on a continuation approach. To this end, at the onset of
the bi-bj contact, u0 and w0 are chosen arbitrarily so that (n0,u0,w0) makes up a proper reference frame
with three mutually orthonormal vectors. While the representation of the unit vectors n0, u0, and w0 in the
local reference frame associated with body i does not change from t0 to t1, their representation in the global
reference frame can change. The latter is denoted by (n0,u0,w0)i,1, with “1” added to emphasize that this
representation in the global reference frame is done at t1. Similarly, one has (n0,u0,w0)j,1, which leads to
the following notation for the associated axes: nj,10 , u
j,1
0 and w
j,1
0 .
The contact reference frame (n1,u1,w1), expressed in the global reference frame at t1 is located at point
C1i on i and C
1
j on j, and is defined as follows: n1 is the unit normal at the point of contact, pointing
towards the interior of body i (lower index body). The unit vectors u1 and w1 are chosen to belong to
the tangent plane at C1i , be mutually orthogonal, and maximize the linear cost function u
i,1
0 ⋅ u +wi,10 ⋅w;
i.e., (u1,w1) = arg max(u,w)(ui,10 ⋅ u + wi,10 ⋅ w). This is a convex optimization problem that has a global
and unique solution (see Appendix B). A similar approach is followed to determine (n1, u¯1, w¯1) at C1j ; i.e.,(u¯1, w¯1) = arg max(u,w)(uj,10 ⋅u+wj,10 ⋅w). The smallest rotation angle ψ required to align (n1, u¯1, w¯1), which
is tied to bj , and (n1,u1,w1), which is tied to bi, is called the spin angle. By convention, ψ is considered
positive if getting the former reference frame over the latter reference frame following the shortest way calls
for a counterclockwise rotation.
Note that for a spinning top, in an idealized “spinning-in-place” situation, the contact points C0i and C
1
i
(on the ground), and C0j and C
1
j (on the spinning top) would coincide. The spin angle ψ in this scenario is
the rotation angle of the spinning top as measured after one time step ∆t; i.e., the shortest rotation that
takes u¯1 over u1 (see also Fig. 3).
3 The Friction Model
The model proposed is not derived from first principles; instead, it is phenomenological. It is informed by
insights into micro-scale phenomena and anchored by three assumptions: small displacements, decoupled
dissipation mechanisms, and governing of the stick mode by micro-scale elasticity only.
First, given that ∆t is small, e.g., 10−6 to 10−3 s, the model builds off a small relative displacements
assumption; i.e., small translations and small rotations. This opens the door for relative rotations to be
treated like vectors. Note that the overall motion of any body bi may experience large translations and large
rotations with respect to the global reference frame. Yet, when two bodies are in contact, the integration
time step is small enough to render the relative displacement manifest between bodies bj and bi small.
The second assumption embraced is that the energy dissipation through friction takes place via three
decoupled mechanisms: relative slip of the two surfaces, relative spin, and rolling. Although in many cases
there is an interplay between these three dissipation mechanisms, here they are considered decoupled.
The third assumption pertains the governing of the stick mode by micro-scale elasticity only. The
Coulomb friction model caps the friction force as in Ft ≤ µsN . Herein, what is capped by µsN is not the
entire friction force, but rather the component that is produced by micro-scale elastic deformation, called
herein micro-deformation. Any contribution associated with a damping component, while included in the
value of Ft, is ignored in deciding whether yielding (onset of the slip mode) takes place.
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Beyond these three assumptions, the model is informed by Amontons’ laws (slide friction force is directly
proportional to applied load when in slip mode; friction force is independent of apparent area of contact) [6]
and Coulomb’s law (kinetic friction is independent of the slide velocity) [7].
The remainder of this section concentrates on computing slide, roll, and spin friction loads at t1 under
the presumption that the normal load N is known. Also known is the kinematic information at t0. This is
always the case, except at the onset of contact when there is no “history” to draw on and the friction loads
are automatically set to zero.
3.1 The Slide-friction Force Model
Assume that friction is present at the interface, and µs ≥ µk > 0. To start off, at t1, C0i is projected onto the
contact tangent plane τ spanned by u1 and w1. The unique point is called C¯
0
i and is defined as the closest
point in τ to C0i that has the property that the length of the vector from C¯
0
i to C
0
i is equal to the length of
the arc si, see Fig. 2. A similar projection is used to determine C¯
0
j . Two vectors are defined in the tangent
plane at t1: one from C¯
0
i to C
1
i , called pi; and pj , defined from C¯
0
j to C
1
j .
Figure 2: The projection process that leads to C¯0i .
The slide-friction force computation proceeds by aligning the j contact reference frame (n1, u¯1, w¯1) to
the i contact reference frame (n1,u1,w1) by a rotation of angle ψ of the (n1, u¯1, w¯1) reference frame; i.e.,
by applying first a “counter-spin” step, see Fig. 3. At this point the two contact reference frames coincide
thus providing the contact reference frame for the next time step and also the setup for computing the
slide-friction force in the configuration at t1.
Figure 3: The process of realigning the (n1, u¯1, w¯1) to the (n1,u1,w1) reference frames. Note that the realigning
process takes p¯j into pj and that the angle between p¯j and u¯1 is equal to the angle between pj and u1. The image
also illustrates the spin angle ψ. In the example shown, (n1, u¯1, w¯1) undergoes a counterclockwise rotation of angle
ψ to overlap (n1, u¯1, w¯1).
As an example for how pi and pj are defined, consider a sphere moving on a rigid horizontal surface;
assume bi is the ground and bj is the sphere. One scenario in which pi = pj is when the sphere’s center moves
in a vertical plane V rolling without slip on the horizontal surface with an angular velocity perpendicular
to V. In another case, consider the sphere being dragged, with zero angular velocity, over the rigid surface
with its center moving in a straight vertical plane V. This latter scenario is similar to a vehicle with its
wheels locked as a result of vigorous braking: the vehicle still moves forward (slides) although the wheels
don’t rotate at all. Finally, one has the case of a sphere that rotates in place; zero translational velocity,
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nonzero angular velocity. In the vehicle analogy, this represents the case when the wheels rotate in place
and the vehicle doesn’t move forward (vehicle stuck in snow, for instance). For the “locked sphere/wheels”
example ∥pj∥ = 0, while ∥pi∥ > 0. In the second case (sphere spinning in place), ∥pi∥ = 0, while ∥pj∥ > 0. The
slide-friction force has two components. One is incremental in nature and has a saturation value; in that
sense, it has memory. The other has no memory and its value depends on the rate of relative, micro-scale
sliding. In going from t0 to t1, referring to Fig. 3, a variable Sij is updated as
Sij = Sij +∆Sij , ∆Sij ≡ pi − pj . (1a)
The elastic component of the slide-friction force is then computed as
Ef =KE ⋅ Sij .
One must ensure that the elastic component of the slide-friction force is µN -capped, a step that relies on
two quantities: the current “slide-mode” and the “slide-microdeflection”. Thus, a slide-mode variable sm
is established to assume one of two values: static s (stick mode); or kinetic k (slip mode). The slide-
microdeflection is defined as SS = ∥Sij∥. Its value is capped in stick slide-mode by SSs ≡ µsN/KE ; in slip
slide-mode it is capped by SSk ≡ µkN/KE . In terms of nomenclature, SSs and SSk are called the static and,
respectively, kinetic, threshold slide-microdeflections. The capping is enforced as 0 ≤ SS ≤ SSs in stick mode,
and 0 ≤ SS ≤ SSk in slip mode. Importantly, these two sets of inequalities are brought into play at t1; i.e.,
at the end of the time step once the “new state”(positions, velocities, and N) has been established. At that
point, we adjust the slide-microdeflection SS and update the slide mode sm as follows:
If in the “stick case” (sm == s): Compute the scaling factor αs = SS/SSs . If αs > 1, then set Sij = Sij/αs
and sm = k.
If in the “slip case” (sm == k): Compute the scaling factor αk = SS/SSk . If αk > 1, then Sij = Sij/αk.
Else, set sm = s.
The model proposed accommodates two friction coefficients – one static and one kinetic. Additionally, it
does not seek to enforce strict capping at µN ; rather, it a-posteriorly adjusts Sij .
The damping component for the slide-friction force is added as
Df =KD ⋅ ∆Sij
∆t
.
The slide-friction force is then obtained as
Ff = Ef +Df =KESij + KD
∆t
∆Sij . (1b)
Selecting a value for KD is rarely discussed in the literature. The physical insight guiding its selection
is that it represents a “knob” for controlling energy dissipation. The value of KD is typically regarded as
a constant dictated by the materials in contact. As such, it is problem dependent and determined through
a parameter identification process using experimental data. In the absence of experimental data, ad-hoc
nonzero values are still used given that the ensuing energy dissipation leads to a desirable stabilization of the
numerical solution by damping out the high frequency oscillations caused by the stiffness injected into the
problem via KE . When calibration data is missing, we suggest a KD “default” value that indirectly imparts
a particular critical damping regime. Specifically, a fictitious mass mij is chosen as the average of the bi and
bj masses or some other convenient values (for instance, if bi is the ground, one can take mij = mj). With
this,
KD ≡ 2√mijKE . (1c)
3.2 The Roll-friction Model
We assume that the rolling of bi takes place in the plane defined by the normal n1 and vector pi, and the
rolling resistance torque is acting in this plane. The roll-friction model builds on the assumption that over
one time step ∆t an average curvature κi can be defined for bi along the pi direction. Considering that a
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curvature can be positive or negative (see Fig. 4), a radius is associated with it and evaluated as Ri = 1/∣κi∣.
A similar argument is made for body bj – which leads to κj and Rj . As far as body bi is concerned, its
rolling motion over one time step ∆t is assumed 2D in nature; i.e., a 3D motion is represented as a sequence
of 2D rolling stretches, each of duration ∆t. Body bi of radius Ri rolls over body bj of radius Rj and in this
process the contact point moves on bi a distance ∥pi∥. Note that the rolling of bj takes place in the plane
defined by the normal n1 and vector pj . Thus, the rolling resistance torques might not act in the same plane
and might have different magnitudes.
Figure 4: Body bi on top, with κi > 0. Three scenarios shown for body bj : positive, zero, and negative curvature.
From here, the model follows in the steps of the slide-friction case: an elastic component is evaluated
and capped to a threshold/saturation value; and, a damping mechanism is factored into the model and tied
to the microdeflection rate of change. In this phenomenological model, a small forward-backward rocking
of angle θi about the contact point leads to small excursions about this point. The angle and excursion are
related as in
θi = κipi .
Subsequently, the rolling friction history, which is a vector quantity, is updated as in
Θi = Θi + κipi.
Finally, the rolling friction torque is evaluated as
T E,i =KR,i Θi .
The roll-friction is capped using the approach employed for the slide-friction. This involves a “roll-mode”
variable rm, which assumes one of two values: static s (stick mode), or kinetic k (slip mode). The roll-mode
is kept constant during one time step; the rm value doesn’t change while “in flight,” from t0 to t1. After
accepting the new state at t1, to prep the next time step, one would go through the following process to
update the roll state rm and adjust the microdeflection Θi:
If in the “stick case” (rm == s): Compute the scaling factor αs = Θi/Θsi . If αs > 1, then set T E,i =T E,i/αs, Θi = Θsi and rm = k.
If in the “slip case” (rm == k): Compute the scaling factor αk = Θi/Θdi . If αk > 1, then T E,i = T E,i/αk
and Θi = Θdi . Else, set rm = s.
There is little to draw on when choosing stiffnesses for roll-mode friction, see, for instance [4]. We
suggest two strategies when it comes to selecting the stiffness KR and threshold roll-microdeflections Θ
s
and Θd. One could compare results to experimental data to produce best fits for these values. This can
be challenging – consider the case of sand grains when measuring directly the roll-friction torque is not
straightforward. There are cases in which one can focus on macroscale behavior, for instance, the rolling
to a stop of a ball/sphere. The distance required by the sphere to stop is easily measurable and can be
used to tune the model parameters. Generalizing this methodology to non-trivial body shapes that have
different curvatures at different locations of the body surface is not straightforward. A second approach
to produce these values involves heuristics. Herein, they draw on an energy argument when determining
Θs (for convenience, the subscript i is dropped; Θd is similarly evaluated). The main point is that the
threshold-microdeflection potential energy for roll-friction is a fraction ηe of the threshold-microdeflection
potential energy for slide-friction:
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12
KR(Θs)2 = ηe 1
2
KE (SSs )2 , (2a)
where the subscript e is chosen to highlight the energy tie. Relating the two microdeflections as in Θs = ηθκSSs
via an average curvature κ ≡ (κi + κj)/2 and a scaling coefficient ηθ leads to
KR = 4ηr(κi + κj)2 KE , (2b)
where ηr ≡ ηe/η2θ . Given that the slide threshold-deflection satisfies KESSs = µsN , one obtains
Θs = µsN
KE
κ = µsN
2KE
(κi + κj) . (2c)
Table 1 reports sample values for KR and Θ
∎
i when body bj assumes several representative cases. Note that
κj cannot drop below −κi; i.e., κj ∈ [−κi, ∞).
Table 1: Various values of the body bj curvature κj lead to different rolling friction parameters KR and Θ
∎
i for body
bi, see Eqn. (2b) and Eqn. (2c). For rm == s, replace the black square ∎ with s; for rm == d, replace it with d.
κj KR Θ
∎
i
Tip of pin ∞ 0 ∞ ∞ ∞
Identical κi ηrR
2
iKE
µ∎N
RiKE
SS∎
Ri
ηr
µ∎Ri
KR
N
Plane 0 4ηrR
2
iKE
µ∎N
2RiKE
SS∎
2Ri
2ηr
µ∎Ri
KR
N
Mirror −κi ∞ 0 0 0
A roll-friction damping torque can be added to the model,
T D,i =DR θi
∆t
,
which requires a damping coefficient DR. Given the lack of an established procedure to select DR, herein
one is determined by imitating a critical damping response, which yields, similarly to Eqn. (1c),
DR = 2√IijKR.
With this, the roll-slide torque on body bi is computed as
T i = T E,i + T D,i .
3.3 The Spin-friction Model
The spin-friction torque has two components: one elastic and one dissipative. The model ensures that the
elastic component of the spin-friction torque is capped, a step that relies on two quantities: the current
“spin mode” and the “spin-microdeflection”. The spin-mode variable ψm assumes one of two values: static
s (stick mode), or kinetic k (slip mode). The spin-microdeflection Ψij is updated at each time step as
Ψij = Ψij + ψij .
The microdeflection value is capped in stick spin-mode by Sψs ; in slip spin-mode it is capped by Sψk . In terms
of nomenclature, Sψs and Sψk are called the static and, respectively, kinetic, threshold spin-microdeflections.
It follows that 0 ≤ Ψij ≤ Sψs in stick mode, and 0 ≤ Ψij ≤ Sψk in slip mode. A negative spin angle Ψij leads
to a positive spin-friction torque acting on body bi. Just like before, it is assumed that the spin-friction
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torques in stick and slip modes are evaluated using two suitably defined functions Fψs (Ψij) and Fψd (Ψij),
respectively. Herein, they are taken to be the same and assume the expression
Fψs (Ψij) = Fψd (Ψij) ≡ Fψ(Ψij) =KψΨij .
Note that the spin-mode ψm between bi and bj is kept constant in advancing the solution from t0 to t1;
i.e., ψm doesn’t change during one time step. After accepting the new state at t1, to prep the next time step,
one would go through the following process to update the ψm state, adjust Ψij , and set the spin-friction T ψ
torque for the new time step:
If in the “stick case” (ψm == s): Compute the scaling factor αs = Ψij/Sψs . If αs > 1, then set Ψij = Sψs ,T ψE = Fψs (Ψij), and ψm = k.
If in the “slip case” (ψm == k): Compute the scaling factor αk = Ψij/Sψk . If αk > 1, then set Ψij = Sψk
and T ψE = Fψd (Ψij). Else, set ψm = s.
A damping term T ψD can be considered via a suitably defined function FψD(⋅), which here is taken as
FψD(ω) =Dψ ψij∆t . (3a)
With this T ψ = T ψE + T ψD = T ψE +Dψ ψij∆t . (3b)
For closure, one needs to provide the threshold values Sψs and Sψk ; and coefficients Kψ and Dψ (or
the corresponding functions Fψs (Ψij), Fψd (Ψij), and FψD(⋅)). In our numerical experiments, the threshold
microdeflection values have been set to small angle values, where Sψs = KSSs and Sψk = KSSk . Rather than
selecting Kψ directly, one can equivalently use a coefficient ηψ to tie the threshold spin potential energy to
the threshold slide potential energy and thus get some guidance in selecting this quantity:
1
2
Kψ (Sψs )2 = 12ηψKE (SSs )2 ⇒Kψ = ηψ KE /K2 . (3c)
Note that curvature K and coefficient ηψ can either be empirical or derived through Hertzian elastic contact
theory. For the latter case, the radius of the contact patch between two surfaces is used to derive the
curvature, K = 1/a, and Eqn.(3c) is reduced to Kψ = 0.5a2KE , which can be further determined based on
material properties such as Young’s modulus and Poisson ratio, see Appendix C for details. Finally, insofar
as the selection of Dψ is concerned, just like for the slide-friction, one can use heuristics tied to the concept
of critical damping. We select Dψ to impart, in some sense, critical damping. To that end, a fictitious
mass moment of inertia Iij is chosen as the average of the bi and bj mass moments of inertia or some other
convenient value (for instance, if bi is the ground, one can take mij =mj). With this,
Dψ ≡ 2√IijKψ . (3d)
4 Numerical Experiments
The results reported detail the slide, roll, and spin friction loads for several test cases: brick on incline, 2D
disk rolling, 3D sphere up on incline, 3D sphere spinning, 3D ellipsoid, and a collection of three interacting
bodies (stacking problem). The tests herein are a subset of a larger suite discussed in more detail in [8].
All simulations use a time step size of ∆t = 10−4sec. A first order, half implicit symplectic integrator is
used due to its attractive numerical properties; i.e., it preserves a numerical Hamiltonian [9], thus reducing
the impact that the time integration scheme has on the overall simulation results. Given at time t0 the
acceleration a0, velocity v0, and position x0, the integration scheme used updates the system state at
t1 = t0 + ∆t as v1 = v0 + ∆t a0, and x1 = x0 + ∆t v1. The acceleration a1 is computed from the momentum
balance equation.
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Figure 5: Brick on incline.
Table 2: Brick on incline parameters (all SI units).
parameter m µk µs KE KD
value 1 0.2 0.25 105 632
4.1 Brick on an Incline
The goal in this test is to examine the behavior of the slide friction model. To that end, a brick of mass m is
initially at rest on an incline as shown in Fig. 5. The angle of the incline is α. The static and kinetic friction
coefficients between the brick and the slope are µs and µk, respectively. The stiffness and damping coefficients
associated with slide friction force, KE and KD, are given in Table 2. The normal force is set to be constant,
N = mg cosα. Initially, the slope angle α = 0.18 < tan−1µs. The static and kinetic slide-microdeflection are
capped as SSs = µsN/KE = 2.41 × 10−5m and SSk = µkN/KE = 1.92 × 10−5m, respectively. Two tests are
run, with and without frictional damping component, Df , see Eqn. (1b). The position, velocity, friction
force and relative sliding increment and history are reported in Fig. 5. If KD = 0, the static friction force
saturates as the brick slides down, switching from stick mode to slip mode. Additionally, without damping,
the brick oscillates within a small magnitude instead of settling. The elastic friction force oscillates around
mg sinα = 1.75N . When damping is present; i.e., KD = 2√mKE ≠ 0, the brick slides at micrometer level
until the elastic friction force Ef balances out the mg sinα thus producing results in line with the analytical
solution. The static friction force does not saturate and the brick remains in stick mode.
(a) Position (left) and velocity (right).
(b) Elastic (left) and damping (right) component of the slide friction force.
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(c) Relative sliding history (left) and increment (right).
Figure 5: Brick on incline simulation with and without damping.
Next, a set of three incline angles were considered: α = tan−1 µk, tan−1 µs and 0.25. When the incline
angle α ≤ tan−1 µs, the brick should stick. Results in Fig. 5 indicate that this is the case, and the relative
sliding Sij is smaller than, or equal to the stick slide-microdeflection SSs . As expected, when α = tan−1 µk the
brick will stick too, in fact it is further in “stick territory”. However, when α > tan−1 µs, the static friction
force saturates and the brick travels down the slope in slip mode with Ef = µkmg cosα = 1.899N. The brick
acceleration can be evaluated as g sinα −Ef /m = 0.525m/s2, which corresponds to the kinematics shown in
Fig. 6a.
(a) Position (left) and velocity (right).
(b) Elastic (left) and damping (right) component of the slide friction force.
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(c) Relative sliding history (left) and increment (right).
Figure 5: Brick on incline of different angle α.
4.2 Disk Rolling on a Flat Surface
To investigate the roll friction model, a 2D disk of radius R, mass m, and inertia I rolls on a flat surface
as in Fig. 6. The translational and rotational coordinates are x and θ, respectively. We set x˙0 = 5m/s and
θ˙0 = 0. The parameters for slide and roll friction models are given in Table 3.
Figure 6: Rolling disk.
Table 3: Rolling disk parameters (all SI units).
m R I KE Kcr Kr Dcr ηr
5 0.2 0.1 105 1414.21 1600 25.30 0.4
This test is challenging owing to the coupling of the slide and roll kinematics, and how the slide and roll
micro-deformation condition each other. The kinematic information, elastic and damping components of
the slide and roll friction loads, and slide and roll micro-deformations are plotted in Figs. 7a-6c. Quantities
associated with coordinate x and slide friction are plotted in blue, whereas ones associated with θ and roll
friction are in red. Considering the initial conditions used, the slide micro-deformation Sij quickly saturates
and the disk is in sliding mode with Ef = mgµk = 9.8N. The slide friction force opposes the translational
motion thus decreasing x˙. In the process, it produces a torque greater than the maximum rolling friction,
which increases θ˙. At time t = 0.11sec, x˙ reaches a value for which Sij no longer saturates, and the slide
friction switches to stick mode. Then, x˙ = Rθ˙, and the slide and roll mechanisms balance out, which leads
to rolling without slip. Roll friction remains in kinetic mode, keeping Te constant and opposing the disk
rotational motion. Both x˙ and θ˙ decrease linearly until the disk eventually comes to a full stop.
(a) Position-level information (left) and elastic components of the friction loads (right).
11
(b) Velocity-level information (left) and damping component the friction loads (right).
(c) Acceleration-level information (left) and micro-deformation for slide and roll (right).
Figure 6: Kinematics and friction forces of a disk rolling on flat surface.
The same test was performed with different damping coefficients, Dr and KD, to further investigate how
the disk comes to a stop, see Fig. 7. The roll and slide critical damping coefficients are Dcr = 2√IKr and
Kcr = 2√mKE , respectively. Notice that x¨ and θ¨ fluctuate/change sign before becoming zero. The overshoot
decreases and the disk stops sooner for larger damping coefficients.
Figure 7: Comparison using different damping coefficient, Dr and KD.
For comparison, the same scenario is simulated with a different and widely used rolling friction model,
[10, 11], see Eqn. (8) in Appendix A.2 and discussion therein. For this test, the rolling friction coefficient µr
is set to be 0.1. As pointed out in the appendix, in the legacy models the direction of the torque opposes
the relative angular velocity, while the magnitude is proportional to the normal contact force and radius
of the particle. The simulation is carried out until the disk settles, and the results are plotted in Fig. 8a.
When the disk seems to come to a stop, the zoom-in figures display an oscillation of the rolling friction
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torque between two values. Due to machine precision, angular velocity can not reach exactly zero, therefore,
the rolling friction torque will not disappear even when the disk is supposed to settle. This is because the
legacy model leads to a “zero divided by zero” scenario associated with the angular velocity (see Eqn. (8)),
which produces the numerical artifacts shown in the inset of Fig. 8a. In contrast, the rolling friction model
presented in this paper, by tracking the history of the changes in relative angular orientation as opposed
to angular velocity, comes to a full stop as illustrated in Fig. 8a. Indeed, the rolling friction torque goes to
“zero” (machine precision) and the disk stops moving (no rocking behavior).
(a) Legacy, constant torque rolling friction model (Appendix A.2, Eqn. (8)).
(b) Proposed, history-based rolling friction model.
Figure 8: Angular position (left) and rolling friction torque (right) using different rolling friction models.
4.3 Sphere Rolling Up an Incline
A 3D sphere of radius R = 0.2m and mass m = 5kg starts moving up on an incline with an initial velocity of
0.5m/s and zero angular velocity. The sphere is already on the incline, and the velocity is parallel with the
incline and pointing up. The rolling resistance coefficient between the sphere and incline is ηr = 0.3. The
linear velocity at the center of mass vCM , angular velocity ω, and the elastic component of the slide and roll
friction loads, FE and TE , are shown in Fig. 9a. Snapshots of the simulation are provided in Fig. 9, where the
local reference frame, global contact frame, linear velocity and slide friction force are colored in red, green,
blue, and magenta, respectively. Initially, given the nonzero initial velocity, the sphere quickly switches to
slip mode in kinetic regime (the static regime last only very briefly). The slide friction force opposes the
translational motion and creates a torque that increases ω (Phase I). Once ω catches up, the sphere switches
to pure rolling mode, where the slide friction is static and the ratio between linear and angular velocity
vCM /ω is close to radius R = 0.2m, indicating pure rolling mode for the sphere (Phase II). After both vCM
and ω decrease to zero, the sphere rolls down the incline (Phase III). Although both vCM and ω change sign,
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the sphere remains in pure rolling mode with increasing static friction since the slide micro-deformation is
increasing. Eventually, the static friction saturates and the sphere rolls down the incline with slip (Phase
IV). In both Phase I and IV, the sphere rolls on the incline in a rolling-with-slip fashion, where both slide
and roll loads are in kinetic regime: FE = µkN = 8.027N, and TE = 2ηrRµkN = 0.963Nm. During Phase II
and III, the sphere rolls on the incline without slip, when the slide friction force is in static mode, whereas
the roll friction torque is in kinetic mode. Therefore, the elastic part of the slide friction can take any value
between [−µsN,µsN] = [−10.03,10.03], while the roll friction is saturated at TE = 0.963Nm.
(a) Velocities (left), elastic component of slide FE and roll TE friction loads (right).
(b) Time = 0.004sec (Phase I) (c) time = 0.05sec (Phase II)
(d) Time = 0.09sec (Phase III) (e) Time = 0.2sec (Phase IV)
Figure 9: Sphere going up an incline of 35o with v0 = 0.5m/s.
The same simulation was carried out using different combinations of incline angle α and rolling resistance
ηr. The incline angle α was varied from 1
o to 30o by a step of 0.1; the rolling resistance ηr was varied
from 0.2 to 0.5 by a step of 0.01. This sweep required 9021 = 291 × 31 simulations; damping was fixed at
KD = √mKE and Dr = √IKr. Each simulation captured 1sec of system dynamics, long enough for the
sphere to reach steady state. This steady state was categorized into four scenarios listed in Table 4.
As illustrated in Fig. 10, with larger slope angle, the sphere has a tendency to slip at the point of contact.
As ηr increases, there is more resistance for the sphere to roll, and the sphere is capable of “freezing” on the
incline for a larger range of angles. When ηr ≥ 0.5, the rolling resistance is so high that eventually the sphere
can slide down the steep slope like a brick, with no rolling. The critical state in between different scenarios,
shown as the black border, is derived analytically in Appendix D. Figure 10 indicates good agreement between
the analytical results and simulation predictions.
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Table 4: Four steady-state configurations for sphere on incline. Acronyms: “S” – Static; “PR” – Pure Rolling; “PS”
– Pure Slip; “RwS” – Rolling with Slipping.
S PR PS RwS
kinematic constr. vCM = 0, ω = 0 vCM = ωR ω = 0, vCM ≠ 0 vCM > ωR
slide mode state static static kinetic kinetic
roll mode state static kinetic static kinetic
Figure 10: Steady state, captured at end of simulation, for the sphere in section 4.3.
4.4 Spinning Sphere
In section 3.3, K and ηψ were specified in two ways: using heuristics, or employing a Hertzian contact
theory approach. Therefore, two spin friction tests are performed. For the heuristic approach, the sphere
of subsection 4.3 is spun on a flat surface with an initial angular velocity ω0 = 1rad/s, spinning resistance
coefficient ηψ = 0.006 and curvature K = 5. The axis of rotation aligns with the gravity. The coefficient Dψ is
picked for critical damping, see Eqn. (3d). The simulation lasts for 8sec, which is long enough for the body
to stop spinning. Figure 11 shows snapshots taken at time t = 0, two during the spinning process (kinetic
mode), and one when the sphere settles (static mode). The body frame and global contact frame are colored
in red and green, respectively. In kinetic mode, the spinning friction torque Tψ stays constant. The kinetic
spin friction torque can be evaluated as Tψ = µkNηψR = 0.0118Nm.
(a) Time = 0sec (b) Time = 2sec (c) Time = 4sec (d) Time = 8sec
Figure 11: Snapshots, sphere spinning, empirical model; ηψ = 0.006, K = 5, ω0 = 1rad/s.
The simulation setup described is used in a sensitivity study in which ηψ changes from simulation to
simulation. Results for four cases; i.e., ηψ = 0.012, 0.01, 0.008 and 0.006, are reported in Fig. 12. The
evolution of the angular velocity ω over time and the orientation of the contact frame (u,w) at the end
of the simulation (t = 8sec) are plotted in Fig. 12 using matching colors. The (u,w) contact frame at the
beginning of the simulation is shown in black. Note the overshoot in ω, shown in the inset, which indicates
that the sphere changes its spinning direction before coming to a stop.
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Figure 12: Angular velocity ω over time using various ηψ(left); Global contact frame when the sphere settles(right).
The second set of numerical experiments simulated the spinning of spheres made of different types of
material with curvature K derived from the Hertzian contact theory, see Appendix C. Radius R, density ρ,
Young’s modulus E and Poisson ratio ν are listed in Table 5.
Table 5: Sphere parameters, physics-based model (all SI units).
Test # material R ρ E ν
1 steel 0.02 8 × 103 2 × 1011 0.3
2 steel 0.04 8 × 103 2 × 1011 0.3
3 glass 0.02 2.5 × 103 5 × 1010 0.2
For each test, four values of sliding stiffness KE are used, 5 × 105, 106, 5 × 106, and 107N/m. Both the
spinning history Ψij and angular velocity are reported in Fig. 12. For the same sphere, a smaller KE results
in a larger slide and spin micro-deflection thresholds, SSs and Sψs . Therefore, it takes longer for the sphere to
initially switch from static to kinetic mode. A smaller KE also results in smaller spinning stiffness KE and
damping coefficient Dψ, which leads to a larger overshoot of the angular velocity when the sphere comes to
a stop. However, KE does not affect the kinetic spinning torque, therefore, the acceleration during kinetic
mode is the same as illustrated by the same slope in each angular velocity plot.
(a) Test #1, R = 0.02m, steel ball.
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(b) Test #2, R = 0.04m, steel ball.
(c) Test #3, R = 0.02m, glass ball.
Figure 12: Sphere spinning; physics-based model.
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4.5 Generalized Motion of an Ellipsoid
Ellipsoids provide in many cases good approximations for grain shape in granular materials. However, they
are not commonly used in DEM most likely owing to nontrivial collision detection and 3D kinematics.
Collision detection comes into play when computing normal forces, a task that was bypassed thus far.
Indeed, note that in the numerical experiments discussed the normal contact force, a key ingredient in any
friction model, could be calculated analytically. For ellipsoids, an analytical solution is not available for the
normal force unless the line of action of gravity passes through the point of contact. Thus, a normal force
computational model needs to be brought in. For convenience, a traditional Hookean normal force model [12]
is used in section 4.5.1. Therefore, N = knδn, where kn = 107N/m is the stiffness and δn is the penetration
depth, the latter obtained through collision detection. One salient aspect when handling ellipsoids is that
due to the change in curvature and normal force, both the stiffness of the roll-/spin-friction models and
the threshold micro-deflections associated with slide-/roll-/spin models must be updated at every time step.
Additionally, one needs to evaluate pi and p¯j for computing the relative slide. As illustrated in Fig. 2, the
previous contact point, C0i , is projected onto the tangent contact plane τ to produce C¯
0
i such that vector
C¯0i C
1
i has the same length of the geodesic trajectory from C
0
i to the current contact point C
1
i . This quantity
is trivial to evaluate when the body has the same curvature on any point of its surface, e.g., a sphere or
a plane. However, for an ellipsoid, the length of vector C¯0i C
1
i is approximated as the Euclidean distance
between the previous and current contact point, ∥C0i C1i ∥. In other words, the geodesic is approximated
with a straight line that connects the two contact points on the surface of the body of interest. In [8], this
approximation led to no significant changes in the results.
4.5.1 Ellipsoid with Roll and Slide Friction
An ellipsoid of semi-axes, a, b and c, and mass m is placed on a flat surface in an upright position, see
Fig. 13a. The initial translational velocity of the center of mass is vy = 0.3m/s; there is zero initial angular
velocity. The ellipsoid properties and the friction model parameters are given in Table 6.
Table 6: Ellipsoid parameters (all SI units), used in subsections 4.5.1.
m a b c µs µk KE KD ηr
5 0.2 0.2 0.5 0.25 0.2 105 1414.21 0.2
Poses in the motion of the ellipsoid are shown in Fig. 12. Between time t = 0.9sec to t = 1.8sec, the rolling
changes its direction. Eventually, the ellipsoid settles with a flat pose, see Fig. 12f.
(a) Time = 0sec (b) Time = 0.75sec (c) Time = 0.9sec
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(d) Time = 1.8sec (e) Time = 2.1sec (f) Time = 3sec
Figure 12: Snapshots of ellipsoid “falling over”. For closure, a Hookean normal force model was used; the penetration
was computed at each time step via collision detection.
4.5.2 Ellipsoid Spinning
A steel ellipsoid of semi-axes a = b = 0.02m and c = 0.05m is spun with an initial angular velocity ω0 = 1rad/s
about a principal axis; all other angular/translational velocities of the center of mass are zero. Two initial
orientations are considered – upright and flat. In the upright case (Fig. 13a), due to the large curvature at
the contact point, the spin stiffness is small, which translates into longer time to rest. When the ellipsoid
lays horizontally on the ground, there is more spinning friction due to a smaller curvature, which translates
into shorter time to rest (Fig. 12b). In line with expectations, the simulation results suggest that a smaller
contact area (higher curvature) leads to less spinning resistance. Table 7 outlines the effect of curvature at
contact point on spinning-related parameters, such as stiffness Kψ, threshold micro-spinning deflection Sψs
and kinetic spinning friction max(T ψE ), given that the normal force is the same. For comparison, parameters
of a sphere with the same volume as the ellipsoid, i.e., R = 3√abc are listed as well.
Table 7: Effect of curvature on spinning using KE = 5 × 106N/m.
sphere ellipsoid (flat) ellipsoid (upright)K 36.84 29 125
Kψ 1.80 × 10−2 2.11 × 10−2 7.95 × 10−3Sψs 3.88 × 10−3 3.58 × 10−3 5.82 × 10−3
max(T ψE ) 6.96 × 10−5 7.53 × 10−5 4.63 × 10−5
(a) Upright.
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(b) Flat.
Figure 12: Ellipsoid spinning.
4.6 Spheres Stacking
In Fig. 14, two identical spheres (blue and red) of mass m = 1kg and radius R = 0.15m are placed on a
horizontal flat surface; the distance between their centers is 2.3R (0.3R gap). A third sphere (yellow) of the
same radius R but a different mass mtop is placed right in-between and above the red and blue spheres. Two
scenarios are possible, outcomes of the interplay between the roll and slide frictions: the yellow sphere drops
down; or, after it moves a bit, the three-sphere structure stabilizes. To minimize the influence from impact,
the top sphere is barely touching the bottom ones when it is released at the beginning of the simulation.
The sphere-sphere and sphere-ground contact are described with the same friction parameters, µs, µk, KE
and ηr. Since the computation of the normal contact force is nontrivial, e.g., when the bottom spheres roll
and/or slide, an open-source physics-based simulation platform, Chrono [13, 14], is used to perform the test.
The normal contact force is computed using a Hertzian contact model [15] available in Chrono, with Young’s
modulus E = 2MPa, Poisson ratio ν = 0.3, and coefficient of restitution 0.4. The friction loads are computed
according to the model discussed herein.
Figure 13: Plot of mctop; i.e., minimum mass of top sphere for the pile to collapse.
Figure 13 reports as a function of ηr the smallest mass mtop for which the top sphere collapses to the
ground; this critical value is called mctop. Several curves are shown, each associated with an initial gap
between the red and blue spheres. For all initial gaps, mctop increases with ηr up to a certain point, η
c
r.
For ηr > ηcr the critical mass decreases until it reaches a plateau – increasing ηr no longer influences the
stability of the stack. Figures 14a, 14c and 14e are snapshots of a stable stack when ηr = 0.16, 0.23 and 0.35,
respectively, where both sliding and rolling mode of all contacts are static. In comparison, Fig. 14b,14d,
and 14f capture how the stack starts to collapse with a slightly heavier load (increased by 0.01kg), as the
top sphere drops and pushes the bottom ones to the side. When ηr = 0.16, the rolling mode of the bottom
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(a) Stable. (b) Roll friction saturates.
(c) Stable. (d) Slide and roll friction saturate.
(e) Stable. (f) Slide friction saturates.
Figure 14: Snapshots of three-sphere stacking problem.
spheres with the ground is kinetic, while the sliding mode remains static. The bottom spheres roll outward,
illustrated by the body frame attached, see Fig. 14b. When ηr increases to 0.23, more rolling friction restricts
the bottom spheres from rolling away, therefore more weight can be supported, until slide friction mode also
becomes kinetic. In Fig. 14f, ηr = 0.35, the slide friction force saturates while the rolling mode is still static,
implying that when the pile collapses, the bottom spheres slide outward instead of rolling; i.e., there is no
angular velocity, only translational velocity. Since slide friction saturates before the roll friction, the amount
of weight the stack can support depends on µs, rather than ηr, which explains the flat part of the curve in
Fig. 13.
5 Conclusions and Future Work
A phenomenological model is proposed to produce slide, roll and spin friction loads at the interface between
two 3D bodies in mutual contact. At a minimum, the model calls for five basic parameters: µs, µk, KE ,
ηr, and ηψ – the last two necessary only if producing roll and spin friction loads is a matter of interest.
The model includes more parameters yet heuristics have been discussed in relation to how to choose these
second group of parameters from the five basic ones. The simultaneous computation of the three friction
loads is anchored by a methodology that produces relevant kinematic information by tracking the motion of
the contact point on the surface on the two bodies in mutual contact; in fact, this is the salient contribution
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of the effort. The force-displacement relations for slide force, roll torque and spin torque are classical – a
spring-dashpot model is used with elongation (micro-deformation) capped and damping acting during stick
mode only. In producing the slide/roll/spin loads, the model allows for two distinct friction modes, static
and kinetic, through tracking the mode at the previous time step and the micro-deflection dictated by how
the contact point moves on the two surfaces. Several numerical experiments were carried out to gauge the
predictive attributes of the proposed model. The numerical results have been validated against analytical
solutions for several trivial cases that included the dynamics of a sphere, disk, and ellipsoid. A stacking
problem was considered to highlight, just as in the case of the ellipsoid, the interplay between the slide and
roll friction. The stacking problem required the implementation of the friction model in an open source
dynamics engine that provided the normal loads entering the friction computation.
The next step is to implement this model in a simulation engine for granular dynamics (Chrono::Granular)
in order to study problems with millions of degrees of freedom. This is an ongoing project.
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Appendix A Discussion of other friction models
This section provides a brief overview of literature; and, it allows for a discussion of how the proposed
approach to friction load computation compares with other approaches used in the field.
A.1 Slide-Friction Models
In [16], the authors proposed for the elastic friction force between two identical spheres a tangential force-
displacement relation that depends on the loading history and satisfies the saturation condition Ft ≤ µFn.
The tangential force Ft is updated based on the change in the tangential displacement δs,
Ft ∶= Ft +Ktδs . (4)
The tangential stiffness Kt depends on material properties, radius of contact patch, friction coefficient
µ, normal force Fn, current tangential force, and the loading-unloading-reloading history. The authors
summarized eleven different scenarios for updating Kt. This scheme is simplified in [17, 18] by casting the
computation of Kt into two and four scenarios, respectively. The friction force saturation is enforced by
comparing ∆Ft and µ∆Fn. If ∆Ft < µ∆Fn, the tangential force is incremented by Eqn. (4); otherwise, both
Kt and δs are adjusted. Their models have been used to predict wave propagation of sphere particles [19],
chute flow of soy beans [20], and particle suspension flow in viscous liquids [21] in DEM.
Instead of updating the tangential force incrementally, in [2] the tangential displacement is updated through
the tangential relative velocity vt from the time when contact initiates, t0, to the current time t,
ξ = ∫ t
t0
vt(t′)dt′ .
The updated displacement ξ enters a linear spring-dashpot model with elastic component constrained by
the capping condition,
Ft = −min(µ∣Fn∣,Kt∣ξ∣)t −Dtvt.
To dissipate the energy, Dt is used to mimic critical damping, Dt = √mKt, which is switched off when full
sliding occurs. The choice of Kt and Dt are empirical. This approach does not differentiate between static
and kinetic friction coefficients; and, it misses the kinematic information required to compute in a 3D setup
the roll friction load.
In [22], Kt is derived based on Herzian contact theory
Kt = 8Geff√Reffδn , (5)
where the effective radius Reff ≡ RiRj/(Ri +Rj), Geff is the effective shear modulus and δn is the normal
penetration. The damping coefficient Dt is set to be the same as the one in the normal direction Dn,
Dt =Dn = α(mKn)1/2δ1/4n , (6)
where α is an empirical parameter dependent on the coefficient of restitution. Due to its simple implementa-
tion and the choice of physics-based parameters, the model in [22] has been widely used, e.g. in applications
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such as spout fluidized bed [23], sand pile formation [24], 3D printing [25], four-bladed mixer [26], etc.
Another approach to implicitly satisfy the saturation condition is to limit the elongation of the spring ξ to
µ∣Fn∣/Kt for slide-mode friction. In [27], a test force is computed first, F 0t = −Ktξ −Dtvt, and compared
to the maximum static friction, µs∣Fn∣. If not saturated, the test force is kept as the friction force, and the
spring elongation is updated as ξ′ = ξ+vt∆t. Otherwise, the friction force is in a kinematic regime, in which
Ft = µk ∣Fn∣F 0t /∣F 0t ∣, and the spring length is adjusted to ξ′ = − 1Kt (Ft +Dtvt).
The slide-mode friction solution advanced herein uses a linear spring-dashpot model, like in [27]. However,
the spring elongation is updated from the relative motion of the contact point on the two surfaces in mutual
contact without resorting to using the tangential velocity vt. This opens the door to seamlessly factoring in
both the static and dynamic friction coefficients. Moreover, we can access a fine level of contact kinematic
detail unavailable to the traditional models in which the gathering of kinematic information is based on the
relative velocity of the two bodies at the contact point. Essentially, the approach used herein extracts the
required kinematic information using collision detection data instead of explicitly relying on an integration in
time of the relative velocity between bodies. As further discussed in the next subsection, this time integration
is problematic given the SO(3) Lie group structure of the 3D rotations [28].
A.2 Rolling Friction Models
When a body rolls over ground or another body, the normal stress profile in the contact patch has an
asymmetric distribution with the front half of the contact patch developing higher stress than the back
half. This load offset results in a rolling resistance torque. Additional rolling resistance can arise from
plastic deformation in and around the contact patch [12], viscous hysteresis [29], and asperities/surface
roughness/adhesion at the interface [30]. To model rolling friction numerically, a linear spring with a cutoff
is introduced in [31] for the micropolar model of granular media. In [32], a complementarity-based rolling
friction model is proposed for in the context of nonsmooth dynamics. Some group accounted the effect of
rolling by adjusting the tangential displacement of the slide friction model based on the change of contact
area due to rolling [18]. Beer and Johnson [33] first derived theoretically a constant torque model where the
rolling friction Mr is proportional to the normal contact force Fn. In [10], the relation is applied to simulate
sand pile formulation,
ωrel = ωi −ωj , (7)
Mr = − ωrel∥ωrel∥µrReffFn , (8)
where µr is the rolling friction coefficient. Due to its simplicity, the constant torque model has been widely
used in practice, e.g., in particle flows [34, 35], blast furnace [36], cohesive powder [37], and hopper discharge
[11] etc.
In light of the spring-dashpot model for slide friction, a torsional spring-dashpot model is proposed [38]
to model the rolling friction in 2D, which has been applied to investigate the flow of rice[39], and strain
localization behavior of soil [40]. The spring rotation is integrated from relative angular velocity. However,
this can not be easily extended to 3D owing to the non-trivial connection between the angular velocity of
a body and the SO(3) Lie group structure of the 3D rotations. Therefore, the relative angular velocity
can not be directly integrated in time [41] and one needs to invoke other approaches, e.g., Euler parameter
representations of the 3D rotation [42] or Lie integrators [9].
In [43], it was shown that the relative rotation between two coordinate systems can be decomposed into
two physically and sequentially independent rotations: one pure axial rotation around the line between the
centers of two bodies, and the other rotation with an axis perpendicular to a specified plane. Using this
result, in [44, 45], the relative angular velocity was split into spinning and rolling components, ωsp and ωr,
where the spinning component is along the contact normal n
ωi −ωj = ωr +ωsp, (9)
ωsp = n ⋅ [(ωi −ωj)n] . (10)
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Once decomposed, ωr enters a rotational capped-spring-dashpot model,
Mr =Mkr +Mdr
Mkr,t+∆t =Mkr,t −Krωr∆t, ∥Mkr,t+∆t∥ ≤ µrReffFn,
Mdr,t+∆t = −Crωr.
The rolling stiffness is related to the tangential stiffness through Kr = KtR2eff . The damping component
Mdr is switched off when M
k
r saturates, and Cr = ηrCcritr = ηr2√IrKr. This 3D model is used to examine the
quasi-static behavior of sands through tri-axial and plane-strain compression tests [44]. The results reported
therein match the peak strength of the typical sands.
An objective relative rolling velocity is defined in [27] as
vr = −Reff(n ×ωi −n ×ωj) ,
which is integrated in time to yield a pseudo rolling resistance force Fr through a translational spring-dashpot
model. By calculating the moment of the pseudo-force Fr, one can evaluate the rolling torque Mr as follows,
Mr = Reffn × Fr,
which conserves angular momentum of the pair. The pseudo-force itself does not act on the center of the
mass. The spring elongation of the quasi rolling force is restrained in the same fashion as its slide friction
force counterpart. In [27], this approach is used for a tensile test simulation of cohesive powders. The results
show that the effect of rolling and spinning is very weak for tensile strength. A similar strategy is used in
[45] for a rotating drum test to study the discharge of raw material into blast furnaces.
In our model, the rolling friction applied to body i can be different from the one applied to body j when
the rolling mode is static, while for other models, the rolling friction applied to body i is the same as its
reaction torque applied to body j.
A.3 Spinning Friction Models
The literature on spin-friction torque models is relatively limited as spin friction is rarely considered in
simulations. In [46], the theory of elastic contact between two spherical bodies was used as a basis to derive
the relation between spinning torque and spinning angle for spherical contact, which led to an expression for
the so-called critical spinning torque necessary to initiate free spinning
M critsp = 3pi16µFna ,
where a is the radius of contact patch. The relation was extended to viscoelastic material in [47, 48]. In
[49, 50], the approach employed a capped torsional spring-dashpot mechanism for spinning friction. The
relative spinning rate was defined as a scalar value
ωsp = n ⋅ (ωi −ωj) ,
and the spinning torque evaluated as
Msp = −Ksp ∫ t
t0
ωsp(t′)dt′ −Dspωsp . (11)
The spinning stiffness Ksp and damping coefficient Dsp are related to the corresponding slide-friction quan-
tities Kt and Dt through the contact radius a:
Ksp =Kta2/2, Dsp =Dta2/2 .
Thus, the spin friction torque is given by Eqn. (11) but capped by a critical torque value M critsp = 2/3µFna;
crossing this value marks the transition from stick to slip mode for spin friction.
The same model with almost identical parameters was used in [44], with one caveat: the angular displacement
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of the torsional spring was incremented as a vector as in Eqn. (10).
In [51, 27], the relative spinning velocity was defined as
vo = Reff [n ⋅ (ωi −ωj)]n ,
and was subsequently integrated to yield a pseudo spinning resistance force Fsp through a translational
spring-dashpot model. The spinning torque, Msp, is then calculated using the pseudo force
Msp = ReffFsp.
Appendix B Finding the Contact Frame
To simplify the calculation of the global contact reference frame (n1,u1,w1), an intermediate configuration(nˆ1, uˆ1, wˆ1) is created such that
nˆ1 = Rn1 = [0,0,1]T , uˆ1 = Ru1, wˆ1 = Rw1,
where R is the transformation matrix. Since uˆ1 and wˆ1 are orthogonal and perpendicular to nˆ1, one can
assume that uˆ1 = [sin θ, cos θ,0]T , and wˆ1 = [− cos θ, sin θ,0]T . Let ui,10 = [ax, ay, az] and wi,10 = [bx, by, bz],
then the cost function can be formulated as,
f(θ) = ui,10 ⋅ uˆ1 +wi,10 ⋅ wˆ1 = (ax + by) sin θ + (ay − bx) cos θ,
which yields a unique global minima/maxima in the range of [0,2pi]. The global maxima is reached when
the gradient of the cost function is zero, and the solution is evaluated as follows,
θ⋆ = ⎧⎪⎪⎨⎪⎪⎩pi/2 or 3pi/2, if ay − bx = 0,tan−1 ax+byay−bx or tan−1 ax+byay−bx + pi if ay − bx ≠ 0,
whichever gives a larger f(θ⋆). Now the global tangential contact frame at current time step can be written
as u1 = RT uˆ1 and w1 = RT wˆ1, with uˆ1 = [sin θ⋆, cos θ⋆,0]T , and wˆ1 = [− cos θ⋆, sin θ⋆,0]T .
Figure 15: Evaluate the global contact frame at current time step.
Appendix C Derivation of Spinning StiffnessKψ Based on Hertzian
Contact Theory
In Hertzian contact theory, when two spheres touch, the contact area is a 2D circular shape with a radius
of a = √Reffδn, where Reff is the effective radius and δn is the normal penetration, see Eqn. (5). When
micro-deformation in slide-mode occurs, assuming it takes on the same value x at any point of the contact
area, the potential energy per unit area is 1
2
KEx
2. When micro-deformation of angle ψ occurs in spin-mode
between two surfaces, the micro-deformation is distributed linearly along the radius a, with zero at the center
of the contact patch, and aψ at the outer edge of the contact area, see Fig. 16.
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Figure 16: Spinning rotation of the contact area and the distribution of micro-sliding.
For a surface element rdθdr located at a distance of r from the contact patch center, the energy due to a
micro-deformation of rψ is 1
2
KE (rψ)2. Therefore, the total energy over the contact patch due to spinning
can be evaluated as
∫ 2pi
0
1
pia2
∫ a
0
1
2
KE (rψ)2 rdrdθ = a2
4
KEψ
2. (12)
The stiffness Kψ is then defined such that
1
2
Kψψ
2 = 1
4
a2KEψ
2 .
Therefore, the spin stiffness is tied to the slide stiffness as
Kψ = 1
2
a2KE . (13)
When the micro-sliding reaches its threshold SSs , at the outer edge of the contact area, the spin angle should
also saturate, transitioning from static to kinetic spin mode. Therefore,
aSψs = SSs , aSψk = SSk . (14)
The spinning torque threshold can be derived as
Mmaxψ =KψSSs = a22 KE SSsa = 0.5aKESSs = 0.5aµsFn.
Compared with Eqn.(3c), this mechanics-based model is identical to the empirical approach when the cur-
vature K = 1/a and ηψ = 0.5. In Hertzian elastic contact theory, the normal contact force Fn is related to
penetration through a physics-based stiffness kHz,
Fn = kHzδ 32n , kHz = 4
3
Eeff
√
Reff , (15)
where Eeff = E⋆i E⋆j /(E⋆i +E⋆j ), E⋆i,j = Ei,j/(1− ν2i,j), Ei,j and νi,j being Young’s modulus and Poisson ratio
of sphere i and j, respectively. Substituting Eqn.(15) into Eqn.(13), one can derived spinning stiffness as
Kψ = 0.5ReffδnKE = 0.5Reff( Fn
kHz
) 23KE = 0.5(3FnReff
4Eeff
) 23 KE .
For an ellipsoid, K is evaluated as the mean curvature at contact point C of two contours in princial
direction, i.e., K = (KxzC +KyzC )/2, see an example in Fig. 17.
Appendix D Analytical Solution of Sphere Rolling on an Incline
For a sphere of radius R and mass m rolling on an incline of angle α, the maximum static slide friction force
and rolling frictin torque are evaluated as follows,
Fmaxr = µsN = µsmgcosα,
Tmaxr =KRΘi = 2ηrRµsN = 2ηrRµsmg cosα.
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Figure 17: Spinning curvature K of an ellipsoid.
When the final steady-state switches from stationary to pure rolling, the slide friction remains static, bal-
ancing out the gravity down the slope, while the rolling friction torque reaches its maximum,
Fr =mg sinα ≤ Fmaxr , FrR =mg sinαR > Tmaxr .
This indicates that for the sphere to be stationary on the incline, α ≤ tan−1(2ηrµs).
As the final steady-state transitions to rolling with slipping mode, the slide friction force saturates, Fr =
µsmg cosα, while the rolling friction mode remains kinetic, Tr = 2ηrRµkmg cosα. The acceleration at the
center of mass, x¨, and the angular acceleration, θ¨, can be derived as
x¨ = (mg sinα − Fmaxr )/m, θ¨ = (RFr − Tr)/(0.4mR2).
Substituting the accelerations into the kinematic constraint during pure rolling x¨ = Rθ¨, one can derive the
slope angle for sphere to roll down the incline without slipping as α ≤ tan−1(3.5µs − 5ηrµk).
When the steady-state of the sphere switches from rolling with slipping to sliding without rolling, the slide
friction mode remains kinetic. Since no rolling occurs, θ¨ = 0, the rolling friction balances out with the
moment generated from slide friction force, therefore, one can derive
Fr = µkmg cosα, Tr = RFr = Rµkmg cosα.
The rolling friction mode transitions from kinetic to static, indicating Tr smaller than the kinetic rolling
friction torque, Tr < 2ηrRµkmg cosα, which yields the condition for pure sliding ηr ≥ 0.5.
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